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Abstract
We consider a conformally recurrent Kahlerian Weyl space on which some pure and hybrid tensors
are defined. We define the tensor Gij of weight {0} by Gij = Hij − Hji , where Hij is a tensor
of weight {0} which can be written in terms of the covariant curvature tensor Rijkl and an anti-
symmetric tensor Fkl by Hij = 1/2RijklF kl . It is shown that a Kahlerian Weyl space is an Einstein–
Weyl space if and only if the tensor Gij is proportional to the tensor Fij . We also prove that the
conformal recurrency of Kahlerian Weyl space implies its recurrency.
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1. Introduction
An n-dimensional Weyl space Wn is a differentiable manifold with a conformal metric
tensor g and a torsion-free (symmetric) connection ∇ satisfying the compatibility condition
given by the equation ∇kgij − 2Tkgij = 0, where Tk is a covariant vector field called the
complementary vector field of Wn. Such a Weyl space is usually denoted by Wn(gij , Tk).
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the complementary vector field T is transformed into by the rule T˜k = Tk + ∂k lnλ, where
λ is a scalar function defined on Wn. The prolonged covariant derivatives of the satellite A
of the tensor gij , with weight {p} is defined in [5]
∇˙kA = ∇kA − pTkA. (1.1)
Let Wn be a Weyl space of dimension n = 2m and let Wn be endowed with an almost
complex structure Fji , i.e.,
F
j
i F
k
j = −δki (1.2)
suppose further that
gijF
i
hF
j
k = ghk, (1.3)
∇˙kF ji = 0, for all i, j, k. (1.4)
Then Wn becomes a Kahlerian space which we denote by KWn [3].
The tensors Fij and F ij of weight {2} and {−2}, respectively, are defined by
Fij = gjkF ki = −Fji, (1.5)
F ij = gihF jh = −Fji . (1.6)
The components of the mixed curvature tensor and the covariant curvature tensor of Wn
are given, respectively, by
Rijkl =
∂
∂xl
Γ ijk −
∂
∂xk
Γ ijl + Γ ihlΓ hjk − Γ ihkΓ hjl (1.7)
where
Γ ijk =
{
i
jk
}
− (δij Tk + δikTj − gjkgilTl) (1.8)
and
Rijkl = gihRhjkl . (1.9)
The Ricci tensor and the scalar curvature of Wn are defined by
Raija = Rij , and R = gijRij . (1.10)
Also, it can be seen that the anti-symmetric part of the Ricci tensor satisfies [8]
R[ij ] = n∇[iTj ]. (1.11)
The Ricci tensor is not necessarily symmetric since the Weyl connection is not metric.
2. Some pure and hybrid tensors in Kahlerian Weyl spaces
Let T be a tensor field of type (0,2) on KWn. Similar to the definitions of pure
and hybrid tensors in Riemannian space, if T satisfies T (JX,JY ) = T (X,Y ) for any
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TsrJ
s
j J
r
i = Tji ) then T is said to be a hybrid tensor with respect to j and i and if
T (JX,JY ) = −T (X,Y ) (in local coordinates TsrJ sj J ri = −Tji ) then T is said to be a
pure tensor with respect to j and i in a Kahlerian Weyl space.
We now look for some pure and hybrid tensors on KWn.
By the Ricci identity [4]
∇˙i∇˙jF hk − ∇˙j ∇˙iF hk = F sk Rhsji − Fhs Rskji (2.1)
and using (1.4) we get
F sk R
h
sji = Fhs Rskji . (2.2)
Multiplying (2.2) by Fkr we obtain
Rhrji = −RskjiF kr F hs (2.3)
which shows that the mixed curvature tensor Rhrji is pure in h and r . This result agrees
with the corresponding relation in a Kahlerian space.
From (1.5) and (2.3) we also find
Rmrji = RhkjiF hmF kr (2.4)
which shows that the covariant curvature tensor Rmrji is hybrid only in m and r not in j
and i due to the fact that Rijkl = Rklij in a Weyl space, unlike the corresponding relation
in a Kahlerian space.
Transvecting (2.2) by gkj and setting
Rskjig
kj = Rsi (2.5)
we get
FjsRhsji = Rsi F hs . (2.6)
On the other hand, using the first Bianchi identity and (1.5) for the left-hand side of (2.6),
we can write
1
2
Fjs
(
Rhsji + Rhsji
)= 1
2
Fjs
(
Rhsji − Rhjsi
)
= 1
2
Fjs
(
Rhsji + Rhjis
)
= −1
2
FjsRhisj . (2.7)
Thus, substituting (2.7) into (2.6) and using (2.3) we get
−1
2
FjsRhisj = Rsi F hs (2.8)
from which it follows that
Rmi = −RsrFms F ri . (2.9)
This shows that the tensor Rm is pure in m and i.i
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Rijkl + Rjikl = 2gij (Tk,l − Tl,k) (2.10)
we get
Rsi gsm = Rmi + 2(Tm,i − Ti,m)
=
(
n − 2
n
)
Rmi + 2
n
Rim, (2.11)
and putting,
Mmi = gsmRsi (2.12)
then we obtain
Mmi =
(
n − 2
n
)
Rmi + 2
n
Rim. (2.13)
Also from (1.5) and (2.9) we obtain
Mij = MmkFmi F kj (2.14)
which shows that Mij is hybrid with respect to i and j .
Let us define the tensors Hij and Gij of weight {0}, respectively, by
Hij = 12RijklF
kl (2.15)
and
Gij = Hij − Hji. (2.16)
From (2.8) it follows that
Hmi = Rsi F hs ghm = −Rsi F hmghs = −MhiFhm
from which we get
HmiF
m
r F
i
s = Hrs (2.17)
which shows that Hrs is a hybrid tensor with respect to r and s. Then Gij is also hybrid
with respect i and j .
From (2.15), (2.16) and (2.17) it can be easily seen that the following relations hold:
(a) Gij = −Gji, (2.18)
(b) Hij = −MhjFhi = MihFhj , (2.19)
(c) HhiFhj = −HjhFhi = Mji, (2.20)
(d) HhiFhi = −Mhighi = −R. (2.21)
On the other hand, it can be shown that the curvature tensor of the Weyl space Wn has the
property
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+gkm(Ti,j −Tj,i)+gij (Tm,k −Tk,m)+gik(Tj,m −Tm,j ), (2.22)
and by virtue of (1.11), (2.11), (2.22) we get
Hmi = 12RjkmiF
jk + 1
n − 4gimF
jkMjk. (2.23)
The difference of the tensors Hmi and Him can be calculated as
Hmi − Him = 12RjkmiF
jk − 1
2
RjkimF
jk (2.24)
and we obtain
Gij = Hij − Hji = RklijF kl . (2.25)
By the second Bianchi identity
∇˙hRklij + ∇˙iRkljh + ∇˙jRklhi = 0, (2.26)
and using (2.22) we deduce
∇˙hGij + ∇˙iGjh + ∇˙jGhi = 0. (2.27)
The relations (2.18)–(2.21) and (2.27) are the generalizations of the corresponding relations
obtained in [2].
We can further state the following theorem concerning the tensor Gij :
Theorem 2.1. The Kahlerian Weyl space KWn is an Einstein–Weyl space if and only if the
tensor Gkj is proportional to Fkj .
Proof. Let us assume that KWn be Einstein–Weyl space. It is known that if the symmetric
part of the Ricci tensor of Wn satisfies
R(ij) = λgij (2.28)
where λ is a scalar function then Wn is called an Einstein–Weyl space [6].
Considering (2.13) we obtain
Mmi + Mim = Rmi + Rim = 2R(im) (2.29)
and transvecting each side of (2.29) by Fmk we obtain from (2.16) and (2.19)
Gik = 2R(im)Fmk . (2.30)
Substituting (2.28) into (2.30) it follows that
Gik = µFki (2.31)
where µ is also a scalar function.
The converse is obvious. Thus, the proof is completed. 
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An n-dimensional (n = 2m, m = 1,2) Kahlerian Weyl space is said to be a conformally
recurrent Kahlerian Weyl space if its Chijk conformal curvature tensor of weight {0} satisfies
the condition
∇˙sCijkl = λsCijkl, (3.1)
where λs (= Ts) is a non-zero covariant vector field of weight {0} and Cijkl = Chjklghi .
It is well known that a recurrent Weyl space is also conformally recurrent. But the
conformal recurrency of the Weyl space does not, in general, imply its recurrency.
In the following, we prove that the recurrency of the conformal curvature tensor of a
Kahlerian Weyl space implies its recurrency.
The conformal curvature tensor Chijk of Wn is given by
Chijk = Rhijk +
2
n(n − 2)
(
δhkR[ij ] − δhj R[ik] − gikghmR[mj ]
+gij ghmR[mk] − (n − 2)δhi R[kj ]
)
− 1
(n − 2)
(
δkhRij − δhj Rik − gikghmRmj + gij ghmRmk
)
+ R
(n − 1)(n − 2)
(
gij δ
h
k − gikδhj
)
. (3.2)
Let us consider the tensor Lij given in [7]
Lij = − Rij
n − 2 +
2
n(n − 2)R[ij ] +
Rgij
2(n − 1)(n − 2) . (3.3)
Substituting (3.3) into (3.2) we get
Chijk = Rhijk + δhkLij − δhj Lik + Lhkgij − Lhj gik − 2δhi L[jk] (3.4)
where Lhk = glhLlk .
Considering (2.13), (3.3) becomes
Lij = − 1
n − 2Mij +
Rji − Rij
n(n − 2) +
Rgij
2(n − 1)(n − 2) (3.5)
and
Lij = − 1
(n − 2)Mij +
1
(n − 4)(n − 2) (Mji − Mij )
+ 1
2(n − 1)(n − 2)Rgij . (3.6)
Also, from (1.11), (2.13) and (3.6) we obtain
L[ij ] = −1
n
R[ij ] = −∇[iTj ] = − 12(n − 4) (Mij − Mji). (3.7)
On the other hand, in virtue of (2.14) it can be seen that
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j
l F
i
m = −
1
(n − 2)Mml +
1
(n − 4)(n − 2) (Mlm − Mml)
+ 1
2(n − 1)(n − 2)Rglm (3.8)
or
Lml = LijF imF jl (3.9)
which shows that Lml is hybrid with respect to m and l.
Transvecting (3.4) by ghl we get
Clijk = Rlijk + gklLij − gjlLik + gijLlk − gikLlj − 2gilL[jk]. (3.10)
Hence we can write (3.1) as
∇˙sRlijk + gkl∇˙sLij − gjl∇˙sLik + gij ∇˙sLlk − gik∇˙sLlj − 2gil∇˙sL[jk]
= λs[Rlijk + gklLij − gjlLik + gijLlk − gikLlj − 2gilL[jk]] (3.11)
or, transvecting (3.11) by Fjk and using (2.15), (2.19) and (3.6) we obtain(
n − 3
n − 2
)
∇˙sHli + 1
(n − 2) ∇˙sHil −
1
(n − 1)(n − 2)Fli∇˙sR
+ 1
(n − 4)g
ilF jk∇˙sMjk
= λs
[(
n − 3
n − 2
)
Hli + 1
(n − 2)Hil −
1
(n − 1)(n − 2)RFli
+ 1
(n − 4)gilF
jkMjk
]
. (3.12)
Transvecting (3.12) with F li and using (2.21) we get
(n − 2)2
(n − 1)(n − 2)
(∇˙sR − λsR)= 0, (3.13)
for n = 2, which shows that
∇˙sR = λsR. (3.14)
On the other hand, multiplying (3.12) by gli and using (2.19) we obtain
Fjk
(∇˙sMjk)= λsF jkMjk. (3.15)
Using (2.10) we get
Hil = −Hli + 2
(n − 4)gilMsjF
sj (3.16)
for n = 4, substituting (3.14) and (3.15) into (3.12) we obtain
∇˙sHli = λsHli (3.17)
which implies that Hli is recurrent with recurrence vector λs .
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∇˙sMlj = λsMlj . (3.18)
Substituting (3.14) and (3.18) into (3.6)
∇˙sLij = λsLij . (3.19)
Therefore (3.11) reduces to
∇˙sRlijk = λsRlijk. (3.20)
Hence we can state
Theorem 3.1. A Kahlerian Weyl space will be conformally recurrent if and only if it is
recurrent.
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